Abstract. We study the magnetic excitation spectrum of the spin-1 chain with Hamiltonian H =
Introduction
It is now well known that one-dimensional spin-S Heisenberg antiferromagnets (AF) have qualitatively different properties according to whether the spin value S is integer or half-integer [1] . The existence of a singlet-triplet gap just above the ground state is clearly established [2] [3] [4] [5] by numerical techniques for the S = 1 and S = 2 cases. Our physical understanding of these phenomena is based on the construction due to Affleck, Kennedy, Lieb and Tasaki [6] (AKLT). These authors were able to obtain explicitly the ground state of the following bilinearbiquadratic Hamiltonian: . This has been verified experimentally [8, 9] by electron spin resonance on copper spins randomly introduced in the S = 1 AF chain compound NENP. The bulk excitations are easily pictured: by breaking a singlet bond into a triplet one creates a local objet that move along the chain. This is only an approximate eigenstate but it has good overlap [10-13] with the first excited state which is a triplet, the "magnon", as predicted in the original derivation of Haldane [1] . This appealing picture is certainly correct for the Hamiltonian (1.1) but it remains to be understood how closely it applies to the standard Heisenberg exchange Hamiltonian for which the biquadratic coupling in equation (1.1) is zero. Initial studies [14] proposed the generalized family of models:
This family includes the familiar Heisenberg model for θ = 0 and the AKLT Hamiltonian for tan θ VBS = 1/3. Since the gap does not go to zero in the interval [0, θ VBS ] it is likely that there is no phase transition and that the two limiting Hamiltonians θ = 0 and θ = θ VBS 0.3218 share the same physics. It is exactly the same line of arguments that justify the use of Laughlin wavefunctions to describe correlated states of electrons in the Fractional Quantum Hall Effect [15] .
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The European Physical Journal B However, the AKLT point has special properties: for example the spin correlation functions have a spatial decay which is purely exponential, contrary to the Ornstein-Zernicke decay which is observed for the Heisenberg model. A study of the family of models (1.2) revealed that the AKLT point is a disorder point [16] beyond which short-range incommensurability appears in real space spin correlations [17] . Hence, it is at a boundary in some sense. The evolution of the spin excitations as a function of θ is the subject of the present paper. For θ = π/4 it is known from the Bethe Ansatz [18, 19] that the spectrum is gapless and that excitations form a continuum as in the case of the spin-1/2 AF chain. Near the Heisenberg point, it is known that there is an isolated branch of triplet excitations [20] that enter in a two-particle continuum for a wavevector q ≈ 0.3π. In the neighborhood of q = π the continuum is well above the isolated mode. This holds also for the AKLT Hamiltonian, as shown by Lanczos diagonalization [21] . Since there is no phase transition with zero gap between θ = 0 and the Lai-Sutherland point θ = +π/4, the common belief is that things evolve smoothly. This rather vague statement deserves however more scrutiny in view of the change of the spin correlations at the AKLT point [17] . An interesting issue is the fate of the Haldane triplet mode that should ultimately disappear in the spinon continuum for θ = π/4. It has been speculated recently [22] that beyond the AKLT point θ > θ VBS the Haldane mode disappears and is replaced instead by a gapped spinon continuum which becomes gapless only right at the Lai-Sutherland point. However this intriguing picture is based only on variational wavefunctions whose relevance to the problem is at least unclear. It has also been observed [23] that the magnetization curve M (H) displays intriguing behavior for some value of θ. Some recent work [24] has undertaken the study of dynamical properties between the Heisenberg and VBS points.
In this paper, we investigate the excitation spectrum for a range of values of θ in the Haldane phase. Our main finding is that the Haldane mode remains well-defined and isolated from other states: there is no deconfinement of spinons. The minimum wavevector of the dispersion relation E(k) stays at the zone boundary k = π till a critical value θ c ≈ 0.38 which is between the θ VBS and Lifshitz points [25] θ L and clearly different from these two values. Beyond θ c the dispersion has a minimum at some incommensurate wavevector that evolves smoothly towards 2π/3 when θ → π/4. At θ c , the dispersion curve has a quartic minimum and we show that this implies a critical behavior
In Section 2, we describe our results for the dispersion of the Haldane triplet obtained from Lanczos exact diagonalizations. In Section 3, the single-mode approximation is applied to DMRG calculations of the static structure factor in order to estimate the lower edge of the excitation spectrum. We discuss the physical properties of the Haldane phase and the relationship with the nonlinear sigma model in Section 4. We discuss also the shape of the magnetization curve in Section 4. 
